We theoretically and experimentally demonstrate that high-purity LaguerreGaussian beams can be efficiently obtained from Gaussian vortex beams using a typical 4F spatial filtering optical system, in which spatial filtering does not affect the spiral phase and the energy loss is very small. In the Fourier frequency domain, aperture filtering specifically removes the high-frequency component corresponding to the central singularity region. In the spatial domain, aperture filtering corresponds to a convolution, which can smooth the central singularity region. This approach is simple and effective and has practical implementations in the generation and amplification of relativistic vortex beams.
Introduction
An optical vortex, which is an electromagnetic wave with an azimuthal phase term exp(i lθ), where l is the topological charge (TC) and θ is the azimuthal angle, possesses a phase singularity at the central axis of propagation and forms a helical wave front. This electromagnetic phenomenon has attracted considerable attention since the seminal work of Allen et al revealed that optical vortices possess orbital angular momentum (OAM) l per photon, where is the Plank constant divided by 2π [1] . Similar to polarization and wavelength, orbital angular momentum(OAM) of light provides an additional independent degree of freedom, which could be beneficial in a wide variety of applications such including the optical trapping of atoms [2] , microparticle manipulation [3] , optical communications [4] , image processing [5] , quantum information and computation [6] , super-resolution lithography [7] , acoustic waves [8] , X-rays [9] , [10] , and electron beams [11] .
Laguerre-Gaussian (LG) beams are solutions of the paraxial wave equation in circular cylindrical coordinates. They form a complete orthogonal basis that can be used to expand any optical field [12] . Although not as non-diffractive as Bessel beams, the LG beam can retain their transverse structure and has little change near the beam waist [13] . However, employing the most common method, a Gaussian Vortex(GV) beam, namely a hypergeometric-Gaussian beam [14] can be obtained, by imposing a spiral phase plate [15] or a spatial light modulator [16] on a Gaussian beam which is the fundamental mode emitted by most lasers. The transverse structure distribution of GV beams will change rapidly at the initial stage of propagation [17] . In many cases, this characteristic of a rapidly varying light intensity cross-sectional distribution is disadvantageous. Moreover, there is a general need for the slowly varying or small divergence properties, such as in the case of LG beams with low topological charge near the beam waist, especially for large laser amplification systems [18] . In addition, the GV beam loses most of its energy during the implementation of direct intensity modification to obtain the LG beam.
In this report, we propose and demonstrate a new method to obtain high-purity LG beams from GV beams. We established that in a 4F system [19] , if a filtering is performed in the Fourier plane of the GV beam using an appropriately sized aperture, a high-purity LG beam is obtained in the image plane. The process of filtering does not affect the helical wave-front of the beams, and the energy loss due to this process is very small. Further, we have experimentally verified that this method is simple and easily performed. In addition, we have determined that spatial filtering is not sensitive to the size of the filtering aperture, which will facilitate the extension of this method to the amplification of chirped broad-bandwidth vortex beams [18] to generate relativistic vortex beams, which can then be recompressed to femtosecond pulses for a wide range of applications [12] , [20] .
Theoretical Analysis and Simulation
The electric field of a GV beam is represented by equation 1. This expression consists of an ideal Gaussian plane beam and a helical wave-front as is given as:
where l is the topological charge, w 0 is the waist radius, and r , θ are the polar coordinates of the initial plane. The complex amplitude distribution in the focal plane of a 4F system is its exact Fourier transform given by equation 2 as shown below [21] :
where a = k 2 w 2 0 /8f 2 , λ is the wavelength, k is the wave vector, f is the focal length of the lens, I is the modified Bessel function of the first kind, and ρ, ϕ are the polar coordinates of the focal plane. The complex amplitude distribution obtained in the image plane after aperture filtering in the focal plane is as shown in equation 3:
where ρ 0 is the radius of the filter aperture and J is the Bessel function of the first kind. According to the integration in equation 3, the filtering procedure has no effect on the spiral phase. Specifically, the spatial filtering above the Fourier plane is simply a redistribution of the light intensity in the image plane. For an LG beam, we are interested in the spiral phase corresponding to the orbital angular momentum. Therefore, the radial quantum number p of the LG mode is 0, as shown in equation 4.
It adds a modulation ( √ 2r /w 0 ) |l| to the GV beam. Hence, the meaning of w 0 is different from w 0 in the GV beam [22] . Fig. 1(a) . The red curves represent the power spectrum (PS) distributions of the GV beams, and the blue curves correspond to the LG beams. The yellow curves represent the power spectrum modulation functions (PSMF), which is the PS of the GV beam divided by the PS of the LG beams, in which the waist coefficients of the LG beams are the optimized solutions that will be introduced later. The solid curves corresponds to the case of l = 1, and the dotted curves corresponds to l = 2. It can be determined that the GV beam and the LG beam have little difference in the main peaks of the power spectrum, and the PSMFs are relatively flat in this area. However, in the high-frequency regions, the PSMFs are exponentially increasing, which are the main difference. In addition, when LG modes are used to expand the GV beam [12] , it can be found that when l = 1, the proportion of LG 01 is 92.9%. Thus, it is possible to produce a filtered GV beam that is very similar to the LG beam using an appropriate aperture filter in the corresponding high-frequency region. In addition, the filtering efficiency and energy loss are shown by the red curve and the blue curve in Fig. 1(b) , when l = 1. It can be found that in the high frequency part, the energy loss is relatively small (7.22%), and the filtering efficiency is very high (97.66%) corresponding to the noise, which makes it possible to make the filtering GV beam close to the LG beam with an appropriate aperture filter in the corresponding high frequency part. For the case of l = 2, as shown in Fig. 1(c) , although the energy loss is larger, the filtering efficiency is higher, which can also be confirmed from the following experimental results.
The objective function (the similarity between the filtered GV beam and the LG beam) represented by equation 5 is established to optimize the process of finding the best filter aperture, where is the sum of the effective region of the two-dimensional light intensity, N is the sum points. This is the average of the values of the differences between the filtered GV beam and the LG beam over the range of effective light intensity regions. In this paper, we will use similarity to express the objective function, namely equation 5. In addition, similarity and purity, which is the expansion coefficient of the LG basis [12] , have similar meaning. When filtering a GV beam of a given size, the best LG beam waist must be determined to match the optimum size of the filter aperture. The numerical results are shown in Fig. 2 . The blue curves in Fig. 2(a) (c) represent the change of equation 5 with the filter aperture. The red curves represent the corresponding beam waist coefficient (w 0 /w 0 ). It can be determined that there is an optimal filter aperture, and the filtering effects are satisfactory near the optimum point. Moreover, the corresponding beam waist coefficient increases as the filter aperture decreases for aperture diffraction effect. When l = 1, the highest similarity obtained was 99.23%, the corresponding optimal filter aperture is 107.6 μm (after normalization is 1.77), and the corresponding waist coefficient is 0.734. This means that when l = 1, filtering with a 1.77 (107.6 μm) aperture will cause the GV beam to be converted to a high purity LG beam with w 0 = 0.734w 0 , which is similar to the true LG beam with a value of 99.23%. Fig. 2(b) (d) represent the contrast of the GV beams before and after filtering compared with the LG beams. It indicates that the filtered GV beam and the LG beam coincide very well. Since the frequency domain coordinates of the focal plane have been normalized, we can easily get the optimal result as a function of wavelength. It can be seen from the results in the Fig. 2 that this change is very small. That is, the filtering effect is not sensitive to the filter aperture, and the filtering effect is not sensitive to the change of wavelength. Our results can be directly extended to Ti:Sapphire mode-locked femtosecond pulses.
Filtering in the frequency domain removes the high-frequency component corresponding to the center singularity region of the GV beam. Furthermore, using the smoothing property of the convolution, this result is validated from the perspective of the convolution in the spatial domain, which is equal to the inverse Fourier transform of the frequency domain filtering at the focus, as showed in Fig. 3 . Performing an inverse Fourier transform of the filter aperture ( Fig. 3(a),  equation 6 ) and then convolving the result with the GV beam (Fig. 3(b) ) will result in the same high-purity LG distribution (Fig. 3(c) ) as indicated below. Equation 6 is the Fourier transform of the filter aperture, which corresponds to Fig. 3(a) .
Experiments and Results
The experimental setup is shown in Fig. 4(a) . The light source is a self-made Ti:sapphire oscillator with a near-ideal fundamental mode Gaussian beam, as is shown in Fig. 4(b) , (c), (d). Its center wavelength is 800 nm. It works in a non-mode-locked state, so the output bandwidth is very narrow. A periscope assembly is used to adjust the position and direction of the outgoing laser. A polarizer is used to produce horizontally polarized light. In the setup, a pair of lenses is used for beam expansion and alignment. The diameter of the beam after collimation is approximately 10 mm. A spiral phase plate (SPP) [23] is attached to a three dimensional platform to generate the vortex beam. The SPP is located in the front focal plane of the first Fourier transform lens f = 760 mm of the 4F system, while the filter aperture is located in the rear focal plane. The filtering aperture is also adjusted using a three-dimensional translation platform. The second Fourier transform lens f = 236.5 mm is used for image transmission and contraction. The wave-front sensor SID4-505(PHYSICS, France) is located in the rear focal plane of this lens. In the experiment, SPP and SID4 constitute an image relay system with the filter pinhole located in the Fourier focal plane. The result of the GV beam after aperture filtering is shown in Fig. 5 . when l = 1. The GV beam in Fig. 5(a) is filtered by the optimal aperture to obtain a high-purity LG light intensity distribution in (c). Fig. 5 (e) and 5(g) show the experimental results of filtering at 0.9 times and 1.1 times the optimal aperture, respectively. Fig. 5 (b) (d) (f) (h) are the corresponding wavefront distributions, which are normalized to wavelengths. Owing to the four-wave lateral shear interference principle [24] of SID4, a notch ring region must be selected for measurement. Since the measurement of the wavefront can also be affected by the light intensity, the wavefronts measured before and after the filtering process are not completely identical. However, the spiral trend of the wavefront is evident. It can be seen that the aperture-filtered GV beam can be turned into a high-purity LG beam. Subsequently, we conducted a statistical analysis on the effects of three different aperture filterings processes in Fig. 5(c) (e) (g) . Namely, the angular average of the radial distribution of the measured light intensity was determined and compared with the LG beam. The analysis results are shown in Fig. 6 . It can be determined that the filtering effect is very well fitted to the LG beam with a very high similarity. This is consistent with the previous simulation calculation, of which the optimal aperture filtering effect is the best. The similarity of the three filtering results achieved a value of 97%, and the average radial distribution of the GV beam after filtering is highly consistent with the light intensity distribution of the LG beam. This also confirms that the filtering effect is not sensitive to the size of the filter aperture. Therefore, this method can be extended to broad bandwidth vortex beams. Fig. 7 . represents the experimental results of the GV beam after aperture filtering for l = 2. In Fig. 7(a) , the Gaussian distributed GV beam with l = 2 is filtered using different apertures to obtain the results in Fig. 7(c) (e) (g) . Fig. 7(c) is the result of optimal aperture filtering. It can be determined that the three filtering results are not substantially different. Further, the angular average distributions of the radial light intensity are as shown in Fig. 8 . As can be seen from the spectrum analysis Fig. 1(b) (c) above, the filtering efficiency is higher in the case of l = 2, which will filter out more noise. Therefore, the optimal result measured for l = 2 seems to be better than for l = 1. Moreover, the experimental results are inevitably affected by the environment and laser output spot mode jitter.
The transmission characteristics of the GV beam before and after filtering were compared experimentally. Fig. 9 represents the light intensity distributions after propagation of the GV beam with when l = 1 [17] . Fig. 9(a)-(d) are the light intensity distributions for propagation distance of 100 mm 200 mm 300 mm 400 mm, without filtering. Fig. 9 (e)-(h) represent the change in the light intensity distributions with propagation distance at 100 mm, 200 mm, 300 mm, and 400 mm after filtering with the optimal aperture. The beam after the contraction has a Rayleigh range of approximately 4 meters. Although the transmission characteristics of the beam in the Rayleigh range of 0.1 times were measured due to the limited experimental space, it is sufficient for many laser applications [18] . It can be seen that the transverse structure distribution of GV beams changes rapidly at the initial stage of propagation. In contrast, the filtered GV beam has a larger radius due to spatial filtering, and the divergence related to the radius decreases accordingly. Fig. 10 . represents the light intensity distributions of cross section after propagation of the GV beam when l = 2. Similar to the case of l = 1, the intensity distribution of the unfiltered beam with l = 2 changes rapidly as shown by Fig. 10(a)-(d) , and the intensity distribution of the filtered beam with l = 2 is nearly constant as shown by Fig. 10(e)-(h) . In the application of laser technology, such as OPCPA, the intensity distribution of cross section of millimeter beam is nearly constant in the scale of nearly meters, which is enough to meet the requirements [18] .
In addition, we discuss the change of the similarity of the LG beam obtained by spatial filtering with the propagation distance. As shown in Fig. 11, (a) corresponds to the case where l is 1 and (b) to the case where l is 2. Among them, the red solid line is the result of simulation calculation, which shows that the similarity does not change with the propagation distance. The blue dots and lines are the similarity calculated from the experimental results in Fig. 9 and Fig. 10 , and the experimental results remain basically unchanged, which is more in line with the trend of simulation calculation. Fig. 11 (c) is the result of the OAM spectrum analysis of LG beam obtained from the experimental results, where the blue corresponds to the case of l = 1 and the yellow corresponds to the case of l = 2. It can be found that in the blue case, the OAM spectrum of l = 1 occupies the main component, and in the yellow case, the OAM spectrum of l = 2 occupies the main component, which is in line with the expectation. In addition, the experimental result of l = 2 is slightly better than that of l = 1, which is consistent with the results in Fig. 6 and Fig. 8. 
Conclusions
Overall, high-purity LG vortex beams are obtained from GV beams in a typical 4F spatial filtering optical system. It was determined through theoretical derivation that spatial filtering does not affect the distribution of the spiral wavefront of a vortex beam. Spectrum analysis of the Fourier focal plane revealed that the central singularity region of the GV beam corresponds to the high-frequency component of the spectrum, and the main peaks of the spectrum of the GV beam and the LG beam are similar. In addition, it was found that the difference is mainly in the high-frequency region. As such, the selection of an aperture of appropriate size to filter out the high-frequency portion of the main difference can produce a GV beam that is similar to the LG beam. Moreover, the energy loss of high frequency filtering is very small and the filtering efficiency is very high. When l = 1, the energy loss is only 7% and the efficiency is as high as 97.66%. Based on simulation calculation, the optimal filter aperture was then determined, and the results for aperture sizes close to the optimal value are acceptable. As such, the filtering effect is not sensitive to the size of the filter aperture. This is very important because not only the processing accuracy requirements of the filter aperture reduced, but the approach can also be extended to chirped broad bandwidth vortex pulses. Finally, the efficacy of this method was evaluated by experimentally, and the transmission characteristics before and after the GV beam filtering were compared. In a future study, we will extend this method to the amplification of chirped broad bandwidth vortex beams that can be recompressed into femtoseconds to produce relativistic vortex beams with broad application prospects [12] , [20] .
